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============

Bipartite quantum correlations {#Sec2}
------------------------------

One of the distinguishing features of quantum mechanics is quantum entanglement, which allows for nonclassical correlations between spatially separated parties. In this paper we consider the problems of quantifying the advantage entanglement can bring (first investigated through Bell inequalities in the seminal work \[[@CR3]\]) and quantifying the minimal amount of entanglement necessary for generating a given correlation (initiated in \[[@CR5]\] and continued, e.g., in \[[@CR43], [@CR53], [@CR60]\]).

Quantum entanglement has been widely studied in the bipartite correlation setting (for a survey, see, e.g., \[[@CR44]\]). Here we have two parties, Alice and Bob, where Alice receives a question *s* taken from a finite set *S* and Bob receives a question *t* taken from a finite set *T*. The parties do not know each other's questions, and after receiving the questions they do not communicate. Then, according to some predetermined protocol, Alice returns an answer *a* from a finite set *A* and Bob returns an answer *b* from a finite set *B*. The probability that the parties answer (*a*, *b*) to questions (*s*, *t*) is given by a *bipartite correlation* *P*(*a*, *b*\|*s*, *t*), which satisfies $\documentclass[12pt]{minimal}
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When the parties do not have access to additional resources the correlation *P* is *deterministic*, which means it is of the form $\documentclass[12pt]{minimal}
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When the parties have access to shared randomness the resulting correlation *P* is a convex combination of deterministic correlations and *P* is said to be a *classical correlation*. The classical correlations form a polytope, denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{loc}(\varGamma )$$\end{document}$, whose valid inequalities are known as *Bell inequalities* \[[@CR3]\].

We are interested in the quantum setting, where the parties have access to a shared quantum state upon which they can perform measurements. The quantum setting can be modeled in different ways, leading to the so-called tensor model and commuting model; see the discussion, e.g., in \[[@CR12], [@CR36], [@CR58]\].

In the *tensor model*, Alice and Bob each have access to "one half" of a finite dimensional *quantum state*, which is modeled by a unit vector $\documentclass[12pt]{minimal}
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A correlation of the above form ([2](#Equ2){ref-type=""}) is called a *quantum correlation*; it is said to be *realizable in the tensor model in local dimension* *d* (or in *dimension* $\documentclass[12pt]{minimal}
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The second commonly used model to define quantum correlations is the *commuting model* (or *relativistic field theory model*). Here a correlation $\documentclass[12pt]{minimal}
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### Proposition 1 {#FPar1}

The smallest local dimension in which a synchronous quantum correlation *P* can be realized is given by the completely positive semidefinite rank of the matrix $\documentclass[12pt]{minimal}
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In \[[@CR16]\] we used techniques from tracial polynomial optimization to define a semidefinite programming hierarchy $\documentclass[12pt]{minimal}
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Here we use similar techniques, now exploiting the special structure of quantum correlations, to construct a hierarchy $\documentclass[12pt]{minimal}
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In the rest of the introduction we give a road map through the contents of the paper and state the main results. We will introduce the necessary background along the way.

A hierarchy for the average entanglement dimension {#Sec3}
--------------------------------------------------

We give here an overview of the results in Sect. [3](#Sec7){ref-type="sec"} about bounding the entanglement dimension of general (non synchronous) correlations. We are interested in the minimal entanglement dimension needed to realize a given correlation $\documentclass[12pt]{minimal}
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Quantum graph parameters {#Sec4}
------------------------

Nonlocal games have been introduced in quantum information theory as abstract models to quantify the power of entanglement, in particular, in how much the sets $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{loc}(\varGamma ) \subseteq C_{q}(\varGamma )$$\end{document}$ can be strict, the maximum winning probability can be higher when the parties have access to entanglement; see the CHSH game \[[@CR10]\]. In fact there are nonlocal games that can be won with probability 1 by using entanglement, but with probability strictly less than 1 in the classical setting; see the Mermin-Peres magic square game \[[@CR34], [@CR47]\].
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### Proposition 9 {#FPar11}
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### Proposition 12 {#FPar13}
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### Proposition 13 {#FPar14}
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### Proposition 14 {#FPar15}
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Techniques from noncommutative polynomial optimization {#Sec5}
------------------------------------------------------

In a (commutative) polynomial optimization problem we minimize a multivariate polynomial $\documentclass[12pt]{minimal}
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                \begin{document}$$g\in \mathscr {G}$$\end{document}$) of degree at most 2*r*. This condition can be expressed with a polynomially sized semidefinite program for any fixed *r*. These relaxations are good in the sense that, under a mild assumption,[2](#Fn2){ref-type="fn"} they converge to the optimal value of the polynomial optimization problem as *r* goes to infinity.

In \[[@CR37], [@CR48]\] this approach has been extended to the general eigenvalue optimization problem, which is a problem of the form$$\documentclass[12pt]{minimal}
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Let us focus on the tracial setting which is the setting used in this paper. As in the commutative case, one obtains tractable (semidefinite programming) relaxations by requiring *L* to "behave like a trace evaluation on noncommutative polynomials of degree at most 2*r*". Specifically, we ask *L* to be nonnegative on all Hermitian squares $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar16}
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An important feature in noncommutative polynomial optimization is the dimension independence: the optimization is over all possible matrix sizes $\documentclass[12pt]{minimal}
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Entanglement dimension of synchronous quantum correlations {#Sec6}
==========================================================

By combining the proofs from \[[@CR52]\] (see also \[[@CR32]\]) and \[[@CR46]\] one can show the following link between the minimum local dimension of a synchronous correlation and the completely positive semidefinite rank of an associated completely positive semidefinite matrix.

Proposition 1 {#FPar17}
-------------
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Proof {#FPar18}
-----
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The minimal average entanglement dimension {#Sec8}
------------------------------------------

Here we investigate some properties of the average entanglement dimension $\documentclass[12pt]{minimal}
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Background on positive tracial linear forms {#Sec10}
-------------------------------------------

Before we show the convergence results for the hierarchy $\documentclass[12pt]{minimal}
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The following technical lemma, based on the Banach-Alaoglu theorem, is a well-known tool to show asymptotic convergence results in polynomial optimization.
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Convergence results {#Sec11}
-------------------
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### Proposition 5 {#FPar29}
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We investigate the quantum graph parameters $\documentclass[12pt]{minimal}
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### Proposition 8 {#FPar37}
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### Remark 2 {#FPar38}
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### Semidefinite programming bounds on the projective packing number {#Sec15}
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#### Proposition 9 {#FPar39}
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### Comparison to existing semidefinite programming bounds {#Sec18}
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In this last section, we make the link between the two hierarchies $\documentclass[12pt]{minimal}
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The above reduction from coloring to stability number has been extended to the quantum setting in \[[@CR32]\], where it is shown that$$\documentclass[12pt]{minimal}
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### Proposition 12 {#FPar50}
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We omit the explicit dependence on *i* in the integers $\documentclass[12pt]{minimal}
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